Some properties of spectral expansions related to the one-dimensional Stark effect Hamiltonian  by Il'in, V.A. & Kritskov, L.V.
Pergamon 
Computers Math. Applic. Vol. 34, No. 5/6, pp. 633-640, 1997 
Copyright©1997 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0898-1221/97 $17.00 + 0.00 
Plh S0898-1221(97)00159-4 
Some Properties of Spectral Expansions 
Related to the One-Dimensional 
Stark Effect Hamiltonian 
V. A. IL'IN AND L. V. KRITSKOV 
Department of Computational Mathematics and Cybernetics 
Moscow State University 
Vorobyovy gory, Moscow 119899, Russia (permanent address) 
and 
International Solvay Institute for Physics and Chemistry 
ULB, C.P. 231, Boulevard du Triomphe, 1050 Brussels, Belgium 
<ilin><krit skov>@¢,.¢. ,,sk. su 
Abst ract - -We consider the one-dimensional Stark effect Hamiltonian defined over the whole 
line R by the differential expression Hu = -u"  + Exu + q(x)u, E ~ O. This paper analyses the 
equiconvergence property of the related spectral expansion with the Fourier integral expansion in the 
uniform over any compact set or over the whole line R metric. 
Keywords - -Spect ra l  expansion, One-dimensional Stark effect Hamiltonian. 
The study of atom spectral lines splitting in the constant electric field leads to the necessity 
of investigating the spectral properties of the self-adjoint operator T/defined over the whole real 
line R = (-co, oc) by the differential expression 
42 
Hu = --~x 2 u + Ex .  u + q(x)u, (1) 
where E ~ 0 is an arbitrary constant and q(x) is a real-valued locally summable over R function. 
For a wide class of coefficients q(x), it is shown [1] that a certain minimal operator elated 
to (1) (see, e.g., [2]) is essentially self-adjoint, and thus, has the unique self-adjoint extension T/. 
As in [3], we call this self-adjoint operator 7-I the one-dimensional Stark effect Hamiltonian. 
As the change of variable Xl = E1/3x transforms the differential expression (1) into 
Hu = E 2/3 -~x21 u T Xl • u + E -2/3 • q E1/3Xl  u , 
we assume without loss of generality that E = 1. 
In this paper, we analyse the equiconvergence property of the spectral expansion related to the 
one-dimensional Stark effect Hamiltonian 7-I and the spectral expansion related to the free Hamil- 
tonian 7~0, namely, the unique self-adjoint operator defined over R by the differential expression 
d 2 
Hou = -~,~u.  
This work was supported by the Commission of the European Communities--DG I I I /ESPRIT Project--ACTCS 
9282. The authors thank I. Antoniou for the fruitful discussion of this paper's results. 
Typeset by AA@S-TEX 
633 
634 V.A.  IL'IN AND L. V. KRITSKOV 
All spectral expansions related to self-adjoint operators in this paper are described in terms 
of the ordered spectral representation f L2(R) space. This representation I is characterized by 
the spectral measure p(A), the multiplicity m _< 2, the multiplicity sets ek, k = 1,m, and the 
generalized eigenfunctions uk(x, A), k = 1, m, which equal 0 for A in the complement ofek, belong 
to the class W~ over any compact set of R for each fixed A E R, and satisfy for almost all A E R 
the differential equation 
luk(x, A) = Auk(x, ~), 
where l is the differential expression of a given differential operator. 
For an arbitrary function f(x) E L2(R) and any A E R: 
• the generalized Fourier transforms of f(x) 
~(~) = f ,  l (x)  uk(x, ~) d~, 
are well defined as functions in L2(R; dp(A)); 
• the spectral expansion 
a~(x,f) = ~ [~ fk(t)uk(x,t)dp(t) 
k=l  J -A  
converges at f(x) in L2(R) metric as A --, +oo; and 
• the analogue of Parseval equality holds 
k = 1, m, (2) 
Jfa f2(x) dx = .~ ~oo [~k()~)] 2 dp(A). 
/C=I --CO 
(3) 
(4) 
Equalities (2) and (3), in particular, mean that the function 
0(A; x,y) = Uk(X,t)uk(y,t)dp(t) 
k=l  -A  
(5) 
is the kernel of the spectral projector in the resolution of identity. In other words, 0()~; x, y) 
defined by (5) is the spectral function of the considered operator. 
The ordered spectral representation f L2(R) space with respect o the free Hamiltonian 7-10 is 
well known (see [5, Chapter 4]). In this case, the spectral function (5) is given by the formula 
hence, the spectral expansion 
1 sin [vf~(x - Y)] 
e0(~; x, y) = - 
7r x - y 
f 
S~(x, f) = Ja O0(A; x, y)f(y) dy 
coincides with the conventional Fourier integral expansion. 
Let us give a precise formulation of the obtained results. 
, (6) 
(7) 
Genera l  S i tuat ion  
In this section, we consider the most general situation. 
Let the coefficient q(x) in the differential expression (1) that defines 7~ be an arbitrary locally 
summable function, and L2(R) space have the ordered spectral representation with respect o T/. 
1Existence of the ordered spectral representation of L2(R) space related to ordinary differential operators i
discussed in [4, XIII.3, XIII.5]. 
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THEOREM I. (See [6].) Let K be any compact set of R. Then 
• there exists such a constant el > 0 that the estimate 
k----I pSv~_<p+l , 
A>O 
holds uniformly, for x E K and # _> 0, 
• there exist such a number a > 0 and a constant C2 = C2(a) > 0 that the estimate 
/ {'Uk(X,)O]2+ (vf-~'~-l)-2]~k(X,,~)]2} dp(~) ~_ C2e -ala (9) 
A_<O 
holds uniformly, for x E K and # _> 0. 
Note that if Hamiltonian ~ is defined over the whole line R by the differential expression 2 
d 2 
Hu = --~x2 u + r(x)u, (10) 
where the potential r(x) is a uniformly locally summable over R function, i.e., 
fx+l 
sup /  Ir(Ol#~ < oo, (11) 
xER J x 
then estimates (8) and (9) of Theorem 1 hold true uniformly, for x E R [6]. 
Estimates (8) and (9) characterize the local properties of the generalized eigenfunctions 
uk(x,A), and the spectral measure p(A) on the positive (A _> 0) and on the negative (A _< 0) 
parts of spectrum, respectively. 
Using Theorem 1 and applying the method proposed in [7-9], the following estimate of the 
difference of spectral functions (5) and (6) is established. 
THEOREM 2. (See [10].) Let K be any compact set of R. Then there exists such a constant 
C3 = Ca(K) > 0 that the estimate 
[[~(~; X, ") -- g0(A; X, ")[[L2(R) -~ 63 (12) 
holds uniformly, for x E K and A >_ O. 
Estimate (12) demonstrates that the asymptotic properties (as A --* +c~) of the spectral 
expansion (3) related to the one-dimensional Stark effect Hamiltonian 7/with a locally summable 
potential are governed by the properties of the Fourier integral expansion (7) in the uniform over 
any compact set metric. More precisely, the following equiconvergence property is valid. 
COROLLARY FROM THEOREM 2. (See [10].) Let f(x) be an arbitrary function from L2(R) space. 
Then, for any compact set K C R, 
lim sup la~(x, f) - S~(x, f)l = O. 
A.--~+oo xEK 
Note that the uniform on any compact set equiconvergence of the spectral expansions (3) 
and (7) for functions f(x) from L2(R) space was initially proved by Levitan [11] and March- 
enko [12] using theorems of Tauberian type. Our technique allows us to study the equiconvergence 
property not only in the case when the decomposed function belongs to L2(R) space, but also 
when it is from other Banach functional spaces. 
2This Hamiltonian isusually called the one-dimensional SchrSdinger operator. 
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Stark Effect Hamiltonians of a Regular Type 
Let us specify a class of one-dimensional Stark effect Hamiltonians 7~ for which the ordered 
spectral representation f L2(R) space can be completely analysed for large values of [A[. 
Let the coefficient q(x) in (1) be such that the function 
is finite for all a E R and 
Q(a) =/_+oo ~ Iq(x Jr a)[- ([xl + 1) -1/2 dx 
lim Q(a) = O. (13) 
a-*q-co 
We call the self-adjoint operator 7-/defined by the differential expression (1) with the coeffi- 
cient q(x) satisfying (13), the one-dimensional Stark effect Hamiltonian of a regular type. 
Note that the condition for the coefficient q(x) admits any integrable singularities and, in 
addition, assumes certain behavior at infinity 3 (compare conditions for q(x) in [13-15]). 
The spectral properties of the one-dimensional Stark effect Hamiltonian of a regular type appear 
to be asymptotically close to the spectral properties of the simplest Stark effect Harniltonian 7"/A, 
that is defined by the differential expression (1) with q(x) = O. For this operator, the ordered 
spectral representation of L2(R) space can be constructed explicitly. 4 The following lemma 
summarizes the result of such a construction. 
LEMMA 1. The Stark effect Hamiltonian TI A admits the ordered spectral representation fL2(R) 
space that has the multiplicity m = 1, and is characterized by the measure p(A) = A and the 
generalized eigenfunctions u(x, A) = A(x - A), A E R, where A(z) is the Airy function. 5
In order to study the one-dimensional Stark effect Hamiltonian of a regular type, we introduce 
the function a(x, A), that for sufficiently large positive values of x (x _> x0) and for all A E R, is 
the solution of the equation 
a(~, a) = A(x  - a /+ {A(x  - a /B(y  - A) - B (~ - a )A(y  - a )}  q(Y)~(Y, ~) d~. (14) 
d 2 Here, function B(z) is an arbitrary linearly independent ofA(z) solution of the equation - d--~u + 
zu = 0 that satisfies the normalizing condition B'(0)A(0) - B(0)A'(0) = 1. 
It is evident hat the solution of (14) satisfies the equality 
Ha(x,A)=Aa(x,A) .  (15) 
Thus, we define the function a(x, A) for other real values of x as the solution of the Cauchy 
problem 
Hu(x) = Au(x), u(xo) = a(xo, A), u'(xo) = a'(xo, A). (16) 
Properties of a(x, A) are described in the following lemma. 
LEMMA 2. There exist such positive numbers Ao and xo, that 
• for all A E R: IA I > Ao, the following estimates hold uniformly with respect to A and 
xER:  
(a) for x > ~ + 1, 
a(x,  ~) = A(x  - A) [1 + o(1)] ,  I~l -~ ~,  (1~) 
3Condit ion (14) hokis true if q(x) is a locally summable function that  satisfies one of the following est imates as 
Ixl --~ oo: q(x) = O(Ix1-1/2-~) , q(x) = O(Ix l -1/2( In [x l ) - l -~) ,  q(x) = O(Ix l -1/~( ln ]x I ) - l ( ln ln lx l ) - l -6 ) ,  etc. 
(here 6 > 0 is an arbitrary number).  
4This can be done by the method proposed in [4, XIII.5] (see, also, [13]). 
5About the Airy function see, e.g., [16, Chapter  2.8]. 
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(b) forx e [A- 1,A + 1], 
a(x,~)=A(x-~)+o(1), I~l~oo, (18) 
(c) for x < A-1 ,  
a(x, o(Ix- 
\ / 
I,Xl--* oo; (19) 
• for alia E R: 
xER:  
(a) for x >_ zo, 
(b) for I=1 -< x0, 
(c) for x < -x0,  
[A[ _< Ao, the following estimates hold uniformly with respect o A and 
a (x ,A)=A(x -A) [ l+o(1) ] ,  x---*+cx), (2o) 
a(x,A)=O(1), (21) 
a(x,,X) o(1=1 -~/4) --~ , X ~ - - (X ) .  (22) 
Estimates (17)-(20) of Lemma 2 are obtained by writing down the Neumann series for the 
solution of equation (14). This series converges absolutely and uniformly if q(x) satisfies (13). 
Estimates (21) and (22) are proved by reducing the Cauchy problem (16) to an equivalent integral 
equation. 
Analysis of the space of solutions of equation (15) for complex values of A, and further applica- 
tion of the method for constructing the ordered spectral representation f L2(R) space [4, XIII.5] 
lead to the following statement. 
THEOREM 3. The one-dimensional Stark effect Hamiltonian ~ of a regular type admits the or- 
dered spectral representation fL2(R ) space that has the multiplicity m = 1, and is characterized 
by the generalized eigenfunctions u( x, A) = a( x, )0 and the measure p(A). This measure is locally 
finite and the following estimate holds: 
dp(A) = 1 + o(1), (23) 
dA 
as I~l ~ oo. 
Let us introduce the operator U that maps each function f(x) into its Fourier transform 
(Vf)(A) = f'(A) = ~ f(x)a(x, A) dx, (24) 
with respect to the generalized eigenfunctions of the one-dimensional Stark effect Hamiltonian ~/. 
The Parseval equality (4) means that the operator U is bounded from L2(R) to L2(R, dp(A)). 
Moreover, this operator has the bounded inverse U -1 and 
(U-IF) (x) = fR F(A)a(x, A) dp(A). (25) 
Properties of the Airy function [16, Chapter 4.4] and estimates of Lemma 2 imply that the 
function a(x, A) is uniformly bounded with respect to x E R and A E R. Thus, by virtue of (24) 
and (25), the operator U is bounded from Lt(R) to Lee(R, dp(A)), and the operator U -1 is 
bounded from LI(R, dp(A)) to Lee(R). Applying the Riesz-Thorin interpolation theorem [17, 
Chapter IX.4], we obtain the following corollary. 
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COROLLARY FROM THEOREM 3. Let p • [1, 2] be arbitrary and q = p/(p - 1). Then, 
(1) there exists such a constant C4 > O, that for any function f (x)  • Lp(R), 
(2) there exists such a constant 05 > O, that for any function f (x)  • Lq(R), 
'lfllLq(R) <~" C5 (fR f()~) Pdlg()~)) x/p" (26) 
Estimates of Lemma 2, Theorem 3, and this Corollary help to investigate the equiconvergence 
of the spectral expansion related to the one-dimensional Stark effect Hamiltonian of a regular 
type with the Fourier integral expansion in the uniform over the whole line R metric. 
Note before all, that for the one-dimensional SchrSdinger operator 7~ defined over R by the 
differential expression (10) with a uniformly locally summable potential r(x) (see i l l)),  it is 
proved [18] that the spectral expansion related to ~( equiconverges with the Fourier integral 
expansion uniformly over the whole line R. 
Here we show, that for the one-dimensional Stark effect Hamiltonian ~( of a regular type, the 
similar equiconvergence property is not valid. 
THEOREM 4. Let p be any number from the segment [1,2]. Then, for any ~ > O, there exists 
such a function f (x )  • Lp(R) that 
lim sup sup lax(x, f )  - Sx(x, f)l" A-V(2p)+e = +co. (27) 
X--*+oo zER 
PROOF OF THEOREM 4. 
spectral functions (5) and (6) from below (q = p/(p - 1)). 
Take into account, that for q < co, 
[[60 (A; x q 1 sin [v~(x -  Y)] q (y /~)  q-1 _~ fR Isin, q 
, ")IILdR) = ~ f~ z - -y  dy = 1 - - ( -  d~, 
and for q = co, 
Thus, the estimate 
In order to prove (27), we estimate Lq(R)-norm of the difference of 
X, "'"L~(R))II = v~ sup Isin~ 1__7_1 = v~ IlOo (~; 
7[" ~ER c~ 71" 
(28) 
(29) 
I10o (A; x,')llnq(R) -> 06 (VX) ' - ' /q  = o6A '/(2~) (30) 
holds for all z • R. 
In order to estimate the spectral function 0(A; x, y), take into account hat by virtue of Theo- 
rem 3, 
/~(A; x, y) = a(x, t)a(y, t) do(t). (31) X 
Equality (31) provides that the Fourier transform of 0(A; x, y) with respect o the system of 
generalized eigenfunctions of the one-dimensional Stark effect Hamiltonian 7~ of a regular type 
equals a(x, t) when [t I < A, and 0 when [t[ > A. Applying (26), we get 
(; (L )"" IIO(~; x,.)IILqcR) --< C5 x la(x,t)l p dpCt)/ < Cs la(x,t)lPdpCt) (32) 
Some Properties of Spectral Expansions 639 
Let x equal A + 1 in (32), and A e R satisfy the inequality A >_ max (A0, x0) where numbers A0 
and xo are from Lemma 2. We estimate the integral in the right-hand side of (32) dividing it 
into three terms: 
; [s;:o ;o ]a(A + 1, t)l v dp(t) = + + la(A + 1,t)l v dp(t) = I1 + 12 + 13. 
co ,ko o 
For the first term I1, by virtue of (17) and (23), we have 
f_-Ao j~2+co Ix = O(1) IA(A + 1 - t)[ p dt < O(1) IA(5)I p d4, 
co ,ko+l 
and the latter integral is finite, because for ~ _> 1, the Airy function satisfies the estimate 
A(~) = O(1)~-l/4 exp ( -~ ~3/2) . (33) 
By virtue of (21) and the local finiteness ofthe measure p(A), the second term/2 satisfies the 
estimate 
/2 = O(1) J'__~ dp(t) = O(1). 
For the third term/3,  by virtue of (17) and (23), we have 
h = o(1)  IA(A + 1 - t)] p dt <_ O(1) [A(~)I p ~, 
and estimate (33) provides it is finite. 
Thus, 
f ~ ]a(A+ 1,t)] p dp(t) = O(1), co 
and estimate (31) implies 
I10 (~; ~ + 1, ")IILq(R) = O(1) (34) 
uniformly for A _> max (Ao, xo). 
Applying estimates (30), (34), and the triangle inequality, we get that the estimate 
II0 (A; A + 1, .) - 0o (X; A + 1, ")[[L,(R) --> C7 A1/(ap) (35) 
holds for all sufficiently large values of A. 
Introduce, for every ¢ > 0 and A _> 1, the operator 
T~I = A -1/(2p)+e f~ [0(A; A + 1,y) - 00 (A; A + 1,y)l f (y)  dy. 
By virtue of (28), (29), and (34), the operator T~ is bounded from Lp(R), 1 <_ p < 2, to R for 
any fixed A k max (Ao, Xo). The estimate (35) implies 
I[T~I[Lp(R)__.~ >_ C7)~ e. 
The Banach-Steinhaus Theorem [19, Chapter 1] provides that there exists such a function 
f (x )  E np(R) that 
l imsup]A-1 / (2P)+~/[O(A;A+l ,y ) -O0(A;A+l ,y ) ] f (y )dy  = +oo. 
A--.+co I 3R 
In other words, 
lim sup A -1/(2p)+~ [a~(A + 1, f)  - Sx(A + 1, f)l = +c¢, 
,~-~+co 
that completely proves the equality (27). 
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